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Abstract 

Model two-dimensional singular perturbed eigenvalue problem for Laplacian 
with frequently alternating type of boundary condition is considered. Complete 
two-parametrical asymptotics for the eigenelements are constructed. 



Introduction 



Elliptic boundary value problems with frequently alternating type of bound- 
ary condition are mathematical models used in various applications. We briefly 
describe the formulation of these problems. In a given bounded domain with a 
smooth or a piecewise smooth boundary an elliptic equation is considered. On the 
boundary one selects a subset depending on a small parameter and consisting of 
a large number of disjoint parts. The measure of each part tends to zero as the 
small parameter tends to zero, while the number of these parts increases infinitely. 
On the subset described the Dirichlet boundary condition is imposed, whereas the 
Neumann boundary condition is imposed on the rest part of the boundary. There 
is a number of papers devoted to averaging of such problems (see, for instance, 
B- The main objective of these works was to describe limiting (homogenized) 



problems. The case of periodic alternating of boundary conditions was investigated 
while the nonperiodic one was treated in [ 1 1 [ 4 ] The main result of 



m 



these works can be formulated as follows. The form of limiting problem (namely, 
type of boundary condition) depends of the relation between measures of parts of 
the boundary with different types of boundary conditions. 

Further studying of the boundary value problems with frequently alternating 
boundary conditions was carried out in two directions. First direction consists in 
the estimates for degree of convergence under minimal number of restrictions to 
the structure of alternating of boundary conditions { 2 J [ 4 J| 6 ]) . Another direction 



in studying of these problems is a constructing the asymptotics expansions of 
solutions. Present paper develops exactly this direction. 

In this paper we study a two-dimensional singular perturbed eigenvalue prob- 
lem for Laplace operator in a unit circle D with center at the origin. On the 
boundary of the circle D we select a periodic subset 7^ consisting of disjoint 
arcs, length of each arc equals 2eri, where ^ 1 is an integer number, e = 2N~^, 
r) = rj{e), < rj < 7r/2. Each of these arcs can be obtained from an neighbouring 
one by rotation about the origin through the angle en (cf. figure). On 7^ we impose 
the Dirichlet boundary condition and the Neumann boundary condition is consid- 
ered on the rest part of the boundary. From [ 1 1 [ 2 ] it follows that the main role in 



determination of limiting problem belongs to the limit lim(e In 77(e)) = —A. If 

A>0, then the limiting problem is either the Robin problem [A > 0) or the Neu- 
mann problem {A = 0). The assumption lim(£: ln?7(£:))~^ = —A does not define the 

function r]{e) uniquely; clear, it is equivalent to the equality r](£) = exp ' 

where fi = fi{e) is an arbitrary function tending to zero as e ^ 0, and also, 
A + fi > for e > 0. Thus, the problem studied contains actually two parameters, 
e and /x. In paper [[7]] complete power (on e) asymptotics for the eigenelements 
of the perturbed problem were constructed in the case of the Neumann limiting 
problem {A = 0) under an additional assumption ^{e) = AqE, Aq = const > 0. 

In this paper we study the case of limiting Neumann or Robin problem {A > 
0) without any additional assumptions for ri{e). On the basis of the method 
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of matched asymptotics expansions [8] the method of composite expansions [9] 



and the multiscaled method [ 10 ] we obtain complete two-parametrical (on e and 
/i) asymptotics for the eigenelements of the perturbed problem. Employing the 
asymptotics expansions for the eigenvalues, we prove that the perturbed problem 
has only simple and double eigenvalues, and we show criterion distinguishing these 
cases. 

1. The problem and main results 

Let X = (xi,X2) be the Cartesian coordinates, {r,9) be the associated polar 
coordinates, = dD\j^. Without loss of generality we may assume that the 
set 7e is symmetric with respect to the axis Oxi. We study singular perturbed 
eigenvalue problem 

-A^e = Ki^s, xeD, (1.1) 
^lJ, = o, xe7e, ^ = 0' ^^r,. (1.2) 



/,From[ 1 1 [2 Jit follows that in the case A> the eigenelements of the perturbed 



problem converge to the eigenelements of the following limiting problem 

-A^o = AoV^o, xeD, (^-^ + A^ilJo = 0, xeOD. (1.3) 

The eigenfunctions converge strongly in L2{D) and weakly in H^{D). Total mul- 
tiplicity of the perturbed eigenvalues converging to a p-multiply eigenvalue equals 
P- 



It is well known fact that the eigenvalues of the problem (jl.Hj) coincide with 
the roots of the equation 



(v^) +AJ„,(v^) =0, (1.4) 

where J„ are Bessel functions of integer order n > 0, and associated eigen- 
functions are defined by the equalities ipo = Jo (\Ao'^) {^or n = 0) and Vo^ = 
Jn (V^'^) (p^inO) (for n > 0), 0"*" = cos, 0~ = sin. 

Remark 1.1. It should be stressed that the problem can have eigenvalues of 
various multiplicity, including multiplicity more than two. This situation takes 
place because for some values of A there exists Aq being root of equation p.4|) for 
different n simultaneously. The proof of existence of such A is given in Appendix. 

This paper is devoted to the proof of the following statement. 

Theorem 1.1. Let Aq be a root of the equation ^1.4\ ) for n > 0. Then there 
exists an eigenvalue A^ of the perturbed problem converging to Xq and satisfying 
asymptotics 
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j=3 



for any M > 3, where Ao(/i) is the root of the equation 

V^J: (v^) + (A + /i) J„ (v^) = 0, Ao(0) = Ao, (1.6) 
C(3) (A + /x)2(Ao(/x) + 2n2)Ao(/i) 



A3(/i) 
A4(/i) 



4 Ao(/i)-n2 + (A + /i)2 
TT^ (A + /x)^(8Ao(/x) + l)Ao(/x) 
5760 Aoifi) - + (A + 



;i.7) 



({t) is the Riemann zeta function. The functions Aj(/i), i > 0, are holomorphic 
on fi; for A = and i > 3 the representations Aj(/i) = /x^Aj(/i) hold, where Aj(/i) 
are holomorphic on fi functions. The eigenvalue A^ is simple, ifn = 0, and it is 
double, if n > 0. The asymptotics of the associated eigenf unctions have the form 
/ OOP forn = and (COP for n>0. 



Remark 1.2. It is known |llj that for n > the functions Jn{t) and Jn{t) are 



positive at the points t E {0,n]. For this reason, the least root of the equation 
()1.4j) exceeds n^, what and ()1.5|) imply the same for Ao(yu), i.e., the denominators 
in ()1.7|) are nonzero. U A = n = Xq = 0, then Aq > and /i > 0, and the 
denominators in ()1.7|1 are nonzero again. 

Remark 1.3. It should be stressed that Theorem 11.11 can be applied to each eigen- 
value of the perturbed problem. If Aq is a root of the equation ()1.4p only for one 
value of n, then Theorem 11.11 implies immediately that only one perturbed eigen- 
value converges to Aq and this perturbed eigenvalue is simple or double, if Aq is a 



root of the equation ()1.4|1 for some values n = ni,i = l,...,m,m>2, then for this 
case below it will be shown (see Lemma f4 .41) that asymptotic series fjl.5p - ()1.7|) do 
not coincide for different n, and for this reason, exactly m perturbed eigenvalues 
(that are simple or double) converge to Aq that have asymptotics p.5|) - p.7p with 
n = Hi, i = 1, . . . ,m. 

This paper has the following structure. In two next sections we formally con- 
struct asymptotics for the eigenvalues converging to the roots of the equation ()1.4j) . 
Also we formally construct the asymptotics for the associated eigenfunctions. We 
separate the cases n = and n > 0, the former is considered in the second section, 
while the latter is studied in the third one. However, the results of the second and 
third section do not guarantee that the asymptotic series constructed formally are 
really asymptotics of the eigenelements of the perturbed problem. In the fourth 
section we carry out the justification of the asymptotics, i.e., we prove that the 
asymptotic series formally constructed do coincide with the asymptotics of the 
eigenelements of the perturbed problem. As it has been already mentioned in Re- 
mark ^2 in Appendix we prove the existence of positive A for which there exists 
Ao being root of the equation ()1.4j) for different n simultaneously. 

2. Formal construction of the asymptotics for the case n = 

In this section on the basis of the method of composite expansions and the 
method of matched asymptotic expansions we formally construct the asymptotics 
for an eigenvalue A^, converging to a root Aq of the equation ()1.4j) with n = 0, and 
also, the asymptotics for the associated eigenfunction ips- 

At first, we briefly describe the scheme of construction. We seek for the asymp- 
totics of the eigenvalue as the series It easily seen that the function 



is a solution of the equation (jl.lj) for each A^. At the same time, it does not sat- 
isfy boundary condition ()1.2|1 . In order to satisfy homogeneous Neumann boundary 
condition on T^, using the method of composite expansions, we construct a bound- 
ary layer in the vicinity of the boundary of the circle D. This layer is constructed 
in the form of the asymptotic series 



where ^ = (^i,G) = {9e~^ , {l—r)e'^) are "scaled" variables. However, the employ- 
ment of only the method of composite expansions does not allow to satisfy the ho- 
mogeneous Dirichlet boundary condition on simultaneously. In order to obtain 
the homogeneous Dirichlet boundary condition, we apply the method of matched 
asymptotics expansions in a neighbourhood of the points Xm = (cosevrm, sinevrm). 




oo 




(2.1) 



i=l 



m = 0, . . . , — 1, where we construct asymptotics for the eigenfunction in the 
form 

oo 

in = E (^'"' + ^^^^.1 (^"' ' (2.2) 

^ (<j[",<j^) = ((^1 — ■mTc)ri~^,^2V~^)- Note that the functions Wi^i in ()2.2p are 
not needed for formal construction of power (on e) asymptotics. They play an 
auxiliary role in the proof of Theorem 12.11 which is used in justification of the 
asymptotics in the fourth section. 

The objective of this section is to determine the coefficients of the series 
1)2.11) and ()2.2)1 . We shall obtain the explicit formulae for these quantities. 

Let us proceed to construction. In accordance with the method of composite 
expansions we postulate the sum of the functions ip^^ and ■?/)™'^ to satisfy the 
homogeneous boundary condition everywhere on the boundary dD except the 
points Xk, i.e., 

v^^o (v^) - = 0, eer°, 

where is the axis O^i without points (7rfc,0), A; G Z. Replacing A^, ip^^'^ by 
the series fll.5|) . 1)2.11) in the equality obtained, expanding the first term in Taylor 
series with respect to e, and equaling to zero the coefficients of powers of e, we 
deduce boundary conditions for the functions Wj: 

— ^ = «,, eer°, a, = «,(Ao,...,Ai-i), (2.3) 

C^2 



Oi = ~Jo (v^) A*-i + fi, i> 4, h = h = 0. 



(2.4) 



Here fi = /i(Ao, . . . , Aj_4) are polynomials on variables Ai, . . . , Aj_4 with holomor- 
phic on Aq coefficients, moreover, /i(Ao, 0, . . . , 0) = 0. Let us deduce the equations 
for the functions f j. In order to do it, we substitute ip^^'^ and in the equation 
()l.lj) . and then pass to the polar coordinates what implies the equation 

Replacing A^ and ip'^p^'^ by the series fll.5|) and ()2.1j) in this equation, passing to the 
variables ^ and equaling to zero coefficients of powers of e, we can write 

A^Vi=F, = Ci{vi,...,Vi-i), ^2>0, (2.5) 

12 r^j 2 i-k-2 

Ci{Vu . . . , Vi-i) = ^Y1 ^kjit^^'^—T-Vi-k + E ak^2 Ai-j-k-2Vj, 
k=0 j=l '^^2 k=0 j=l 



where an = au = ao = 32 = -1, aoi = 1, ai = ao2 = 2, V-i = = 0, Ai = A2 = 0. 
The relations ()2.3j) . ()2.5)1 are a recurrence system of boundary value problems for 



the functions Vi. According to the method of composite expansions, we are to seek 
its solutions exponentially decaying as ^2 +00. We shall obtain the explicit 
formulae for vf, for this we use the following auxiliary statements. 

We indicate by V the space of vr-periodic on ^1 functions uniformly exponen- 
tially decaying as ^2 — ^ +00 together with all their derivatives, and belonging to 
{{^ : .^2 > 0} U r°). By V"*" (V~) we denote the subset of V containing even 
(odd) on ^1 functions. We introduce the operators Ak, k > is an integer number; 
their action on a function u &V reads as follows 



+00 



AM(0 = u{0, AkWrn = J tAk-i[u]{Ci,t) dt. 

By definition of the spaces V, and and the definition of the operators Ak, 
one can check that Ak : V ^ V and Ak '■ — V^. 

Lemma 2.1. For each k > the equalities 

A^Ak[u] = -2A;A-iM + Ak [Agw] 

hold. 

Proof. Clear, for each function u eV we can write 

+00 +00 

^mi+m2 r r ^mi+m2 



where mi, m2 G what yields 



/r ^mi+m2 
U{^1, t)dt= J ^^mI^w(Cl, t) dt, 6 > 0, 



+ (X) 



A^Ao [u] = A^u, A^Ak [u] = J tAAk-i [u] (Ci ,t)dt- 2 A-i M ■ 
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Employing the equalities obtained by induction, it is easy to prove the lemma. 

We set n = : — 7r/2 < ^1 < 7r/2,^2 > 0}, {p,'&) are the polar coordinates 
associated with the variables ^. 

Lemma 2.2. Let the function F{^) e V"^ has infinitely differentiable asymptotics 

F(^) = ap-isin3^? + 0(lnp), p ^ 0, 

and there exists a natural number k, such that A|F = for ^2 > 0. Then the 
function 

^--il^M^VF] (2.6) 



is a solution of the boundary value problem 

A^v = F, 6>o, — = 0, eer°, (2.7) 

belonging to H^(Ji) H V^, and having infinitely dijferentiable asymptotics 

v{0=<^) + \<lp-^ + O{pnnp), p^O. (2.8) 

Proof. Since F G V"*", then, obviously, G V^, and, therefore, each term in 
the right hand side of ()2.6|) belongs to V"*", what implies v G V"*". Let us check that 
the function v defined by the equality ()2.6|) is really a solution of the boundary 
value problem ()2.7|) . Indeed, for each point ^ G F*^ we have 



dv 
W2 



.7=1 



= 0. 



For ^ G n, applying the Laplace operator to v, using Lemma (2. ![ and employing 
the equahty A|F = 0, we get 



k ^ k 



We proceed to the proof of the asymptotics ()2.8|) . Let a function U{^) G V+ have 
differentiable asymptotics 

U{0 = O{p"P\ny), p^O, p,gGZ, p,g>0. (2.9) 

We set m(,^) = ^i[?7](,^). As U G V^, then the representation 

a 

u{0 = J tU{^ut)dt + u,{0, (2.10) 
6 

is true, where Ui G fl C°°({^ : .^2 > 0}), a is a fixed sufficiently small number. 
It is obvious that 

«i (0 = ^^i(0) + O(p'), p^O. (2.11) 

Now we replace the function U by its asymptotics (j2.9|) in ()2.10|) . After that the 
integral in ()2.10j) can be calculated explicitly, from what and ()2.11|) it follows that 



u 



(O = 0(ln^+V), P = 2, u{0 = O {p-^+Hny) , p > 2, (2.12) 



as p — s> 0. For p = 0,1 one can see that 

«2 




(^)-m(O) = j t (f/(G, t) - f/(0, t)) dt~ j tU{0, t)dt + (p2) = 

° (2.13) 
t2^U{UM) dt2dh + O {p-P-'^ In"? p)=0 In" p) , 

€2 

as p — s> 0. For the function F we have the equahties as p 

A^F = -8ap~'^sm3^ + 0{p-^\np), A^F = Oip'^Hn p), j > 2, 

which and ()2.(i|) . ()2.9j) . ()2.12|) . ()2.13j) and definition of the operators imply the 
asymptotics ()2.8j) . In view of latter and the inclusion f G V we conclude that 
V G if^(n). The proof is complete. 

Let X(^) = Re Insinz + ln2 — where z = + i^2 is a complex variable. 
By direct calculations we check that X G is a harmonic function as .^2 > 0, 
satisfying the boundary condition 

and having differentiable asymptotics 

X(0 = lnp + ln2-6 + O(p2), p ^ 0. (2.14) 
The lemmas proved enable us to solve the system of the problems fl2.3|) . ()2.5p . 

Lemma 2.3. For eac/i sequence {Aj(p)}^Q, ^i(/^) = ^2(p) = there exist so- 
lutions of the boundary value problems \2. '^) . \2. .^j) defined by formula \2. 6|) wzt/i 
F = Fi, k = ki, where kj are some natural numbers. For the functions Vi the 
representations 

Vii^, /^) = /^) - o:iX{^), 

_ (2.15) 

y") = X] «U ("1) Ao, . . . , Ai-2) %(0) 

/ioW, where Vij G if ^(n)nV^, flij are polynomials on Ai, ... , Aj_2 w^/i holomorphic 
on Aq and ai coefficients, aij (0, Aq, 0, . . . , 0) = 0. T/ie equalities Mi = 0, M2 = I, 



Ms = 2, M4 = 3, 



^21 — 0,31 — Ct41 — — ttl, 0-32 — — aiAo, 042 — ^ , 

_ai(8Ao + l) _ 1.2^^ _ 1^4^^^ ^c3^^ 

a43- , ^21-2^2^, ^^^-8^^9i" + 6^^96' 

t^32--^l[X], ^41--e2^ + Y^e2^ + Y^e2^, 



i;42 = ^2^, ^43 = Al[^2X] + j X{il. t) dt. 

take place. The asymptotics 
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ViiCfi) = -ai {In p + ln2-C2)+Vi{0,fi) - ^a.^i^lp-^ + O {pHn p) , (2.17) 
are correct as p 0, where ao = 0. 

Proof. The statement of the lemma for i = 1, . . . , 4 and the equahties ()2.1(jj) are 
checked by direct calculations. For z > 5 we carry out the proof by induction. Let 
the lemma is valid for i < K. Then, due to ()2.5|) and induction assumption we 
have the relation 

K 

Fr = (^KjFxj, 

where F^j satisfy to all assumptions of Lemma 12.21 and the functions axj = 
axj (tti, Aq, . . . , A^_2) posses all the properties described in the statement of the 
lemma being proved. Let vkj be the solutions of the problem p.7|l for F = 
Fxj defined in accordance with ()2.(ip . Then vk € H^ijl) fl is a solution of 
the equation ()2.5j) for i = K, satisfying the homogeneous Neumann boundary 
condition on F". From this fact it follows that the function vk defined in accordance 
with ()2.15|) is really a solution of the boundary value problem ()2.3|) . ()2.5|) for 
i = K. Clear, the function F^ satisfies the hypothesis of Lemma 12.21 and has the 
asymptotics 

Fk = —aK-iP~^ sm3'd + 0(\n p), p — 0, 
which and ()2.8|) imply 

Vi{C.,p) = Vi{0,p) - ^fti-i^aP"^ + O (p^lnp) , p ^ 0. 

Combining the last equahty with ()2.14|1 . ()2.15j) . we obtain the asymptotics ()2.17j] . 
The proof is complete. 

As it follows from the definition of the functions Vj, the sum of ip^^ and ijj^^'^ 
does not satisfy homogeneous Dirichlet boundary condition on 7^. Moreover, the 



functions vj have logarithmic singularities at the points Xk- For this reason, we 
use the method of matched asymptotics expansions for the construction of the 
asymptotics for the eigenfunction in a neighbourhood of these points. We construct 
this asymptotics in the form of the series ()2.2|) . The functions Vj being periodic on 
^1, it is sufficient to carry out the matching in the vicinity of the point xq = (1, 0) 
and then to extend the results obtained for other points Xk- 

We introduce the notation ? = = (.r]'^. Let us substitute the series (jl.Sp and 
()2.2p in P-ip . ()1.2|) . and calculate after that the coefficients of the same powers of 
e. As a result, we have the following problems for Wij: 

d 

A,Wi,o = 0, <^2 > 0, Wi,o = 0, ? e 7\ g^'^ifl = 0' r\ (2.18) 



= — + 2^-2^ Wifi, ^2 > 0, 

Wi^i = 0, ? e 7\ g^^h^ = 0, ^ e r\ 

where 7^ is the interval (—1, 1) in the axis ^2 = 0, and is the complement of 7^ 
on the axis O^i. Next following the method of matched asymptotics expansions, 
we calculate the asymptotics as \<;\ — * 00 for the functions Wij. We denote 

K 



Xs,K = Ao(/i) + ^e^Ai(/i), ^I'^Kix) = Jo (^y^K^r^ , 

K+1 



i=l 



where x(^) is an infinitely differentiable cut-off function equal to one as t < 1/3 
and to zero as t > 1/2. Expanding in Taylor series, we can write 



K 



Jo (v^r) = V s'GiiAo, . . . , A,) + e^+^Gf ) (Aq, . . . , A^) - 

^ ^ U (2.20) 



- ^6^A^^o (v^) + O {e'e2) 
Go = Jq (^'s/^^ ; Gi = G2 



(v^) (2.21) 

where the functions Qi = Qi (Aq, . . . , Aj_3) are polynomials with respect to Ai, . . . , 
Ai_3 with holomorphic on Aq coefficients, Qi (Aq, 0, . . . , 0) =0, Gi'^^ is a bounded 
holomorphic on Ai, . . . , functions, G^^^ (Aq, 0, . . . , 0) =0. From ()2.17|) and the 



equality Inr] = — riVl follows that 



I ai _ 
Vii^yf^) = — r"r 0-^ kl + ln2) + ai^2 + fi(0,/i)- 



^ (2.22) 



as 77^/2 < p < 277^/2 (j as 77-1/2 < < 2r/-i/2)^ substitute (j2:2n|l and ^^2^ 
in the formula for "^b^k- Then, as r]^^^'^ < |^| < 21]'^^"^, 

K K 

j=0 i=l 

+ Wf\x) + 0{er^W\n\c,\), 

'4-1 

Wi,o(?,/i) = -«i(ln|?|+ln2) + -^ + ?7i(0,/i) + G'i, = 0, (2.23) 

W^^,i(<^,/i) = -^«*?lkr', (2.24) 
iyi^)(x) = 5^+1 (-a^+i (In 1^1 + ln2 - 6) + ) + ^J^+i(0, /x)) + £bK(£)6, 



1=1 



Observe, in view of definition of the functions a^, the quantity b/^(e) is small, 
namely, hxi^s) = O [£^)- In accordance with the method of matched asymptotics 
expansions, we must find the solutions of p.l8|l . p.l9|) . satisfying the asymptotics 

Wij{(;,lj) = Wij{(;,IJ,) + o{\q\^) , |?-| ^ 00. (2.25) 

We introduce the function Y{q) = Re In (^y + ^/y'^ — 1^, where y = + 1^2 is a 

complex variable. By definition, is a solution of the problem ()2.18|) and has 
the asymptotics 

r(^) = In 1^1 +ln2 + 0(1^1-2) , kHoo. (2.26) 

/^From the properties of the function Y, the asymptotics ()2.23|) . ()2.25|) . ()2.26|) and 
the problem p.l8|) we deduce that 

w,,o = -aiY. (2.27) 

Comparing the asymptotics for the function Wifi implied by p.26|l . ()2.27jl with the 
equahties ()2.23p . ()2.25|1 . we conclude that 

v,{0,fi) + ^^ + G^ = 0. (2.28) 
A + fi 



^From the equality obtained for i = and from p.4|l . p. 2111 it follows the equation 
for Aq. The condition Ao(0) = Aq is obvious due to Xq. If Aq 7^ 0, then 



the holomorphy of Aq on n is the corollary to the implicit function theorem. If 
Ao = 0, then A = 0, and in this case the equation ()1.6|) has a solution of the 
form Ao(yu) = /iAo(/i), where Aq is a holomorphic on fi function, Ao(0) = 2. By 
Lemma 1231 (see ()2.15|) . ()2.16|) ) we have: Vi{0, fi) = V2{0,fi) = 0. Employing these 
relations and the equalities a2 = as = Gi = G2 = (see ()2.4j) . ()2.21|l ) one can 
check that the equality ()2.28|1 holds for i = 1,2. Let us consider the case i > 3. 
Substituting the formulae ()2.4|) . ()2.28|) for ctj+i and Gi into 1)2.211) . then expressing 
A,- from what obtained, we write 



2Ao(/i) /.+i(/i) + iA + fi) (Qiifi) + ViiO,i2)) 

Ai(/i) = ^ — ; (2.29) 

Jo(v/MA0)(Ao(/i) + (A + /i)2) 

fi+iifJ') = fi+i (Ao(/i), • • • , Ai_3(/i)) , giifi) = gi {Aoifi), . . . , Ai-sifJ-)) ■ 

Deducing this equality, in view of the equation ()1.6|1 we replaced Jq (-\/Ao) by the 
function -(A + /i)Jo (VA^) /\/Ao). Mak ing i = 3,4 in (jT^ and employing (j23|), 
(jrrhll . ^^riT\ and the equalities 

A[X](0) = -^C(3), ^iM(0) = -^, (2.30) 

we get ()1.7p for n = 0. 

Let us prove that Aj are holomorphic on /i. Since Jq ^-\/Aoj 7^ 0, then the 

function Jq ^a/ Ao(/i) j is holomorphic on yU and does not vanish for small /i > 0. 

If Ao 7^ 0, then the function (Ao(yu) + {A + /i)^) also does not vanish for > 0. In 
the case Aq = (here A = 0) the functions Ao(/i) and (Ao(/i) + /i^) have a zero of 
first order at the point /x = 0, so, for all possible values of Aq and A the quotient 

2Ao(^) 

JofyA^)(Ao(^) + (A + /x)2) 



is a holomorphic function as /i > 0. In view of the statement of Lemma 12.31 for 
the functions a^j and of the formula ()2.15|) for the function -Uj, the function ^1(0, n) 
is holomorphic on yU, provided Aq, . . . , Aj_i are holomorphic on yU. Using this fact 
and that the functions /j+i and gi are holomorphic on Aq, . . . , Aj_3, one can easy 
prove by induction that Aj are holomorphic on /x. 

We proceed to the case A = 0. For i = 3,4 from p.7|l it follows that 
Aj(yu) = /i^Aj(/i), where Aj(/i) are holomorphic on yu functions. Let us show 
the same for z > 5. Suppose that it is true for i < M. Since the functions 
Im+i, Qm, ^'Af(0,/i) are holomorphic on Aq, . . . , Lm-i, is holomorphic on Aq, 
/m+1 (Ao, 0, . . . , 0) = (Aq, 0, . . . , 0) = umj (0, Aq, 0, . . . , 0) = 0, then fu+M = 
fj^'f^^'+'Klx), gMi^) = /x¥*')(/x), VMiO,fx) = yU^jW(yu), whcrc f^^+'Kfx), g^^'Kfx), 
v^^'^\fi) are holomorphic on jj, functions. By this fact and ()2.29)) we arrive at the 
desired representations. 



Let us determine the functions Wi^i. By direct calculations we check that the 
solutions of the problems ()2.19|) . satisfying asymptotics ()2.24|) . ()2.25|) . have the 
form 

1 2 

= 2^2^^f^i,o- (2.31) 

Thus, the formally constructed asymptotics for the eigenfunction looks as fol- 
lows 

u^) = (v^r (x) + x(i - r)^r'io) xe{x)+ 



N-1 



m=0 

N-1 



(2.32) 



m=0 

We introduce the notations 

N-1 



m=0 

K 



We set 



i=l 

i'e,K{x) =i)e,K{x) - Re,K{x), 

Re,M =X(1 - (bfe(£)(l - r) - e^'^^aK+iX^i)) + 

A -\- fi 

= II • \\l2{D)- 



Theorem 2.1. The functions 'ipe,K,'ipe,K e H^iD) (1 C°°{D) converges to ipQ in 
L2{D) as £ — s> 0, \e^K converges to Xq, ||-Re,x|| = 0{e^{A + /i)). The functions 
ipe^K o-nd Ae^fc are the solutions of the problem 

du 

-Aus = Xue + f, X e D, Me = 0, X G 7e, = 0, X G T^, (2.33) 

Wi/i Ms = l(js,K, A = Ae^ii-, / = fe,K, whcrC \\fe,K\\ = O {e^ {A + ^)) . 

Remark 2.1. The expressions of the form O {s^{A + /i)) in the statement of this 
theorem should be interpreted in the following way. For A > it means 0{e^), for 
A = it does 0(eP/i). 

Proof. The desired smoothness of ipe,K and ipe^K follows directly from the defini- 
tion of these functions and the smoothness of the functions il^l^xi "^j 
obvious that X^^k — > Aq, 4'e,K,4'e,K ^ ipo as e ^ 0. By definition and properties 



of the quantities ai we deduce that bk{e) = O [e^{A + /i)), from what and the 
definition of the functions ci^^ and aK+i and the smoothness of the function x it 
follows that \\Re,K\\ = O {e^+\A + /i)). 

Since the function Xe{x) equals zero in a small neighbourhood of the set 7^, 
and the functions Wij vanish on 7^, then the function ipe^x satisfies Dirichlet ho- 
mogeneous boundary condition on 7£. By direct calculations we check that for 

=Xe{x)-^'^e,K{x) - —Re,K{x) = Xe{x) I a/ K,kJo (^V^e,Kj - 



K 



1=1 



di2 



5ero 



0. 



Applying the operator — (A + Xs^k) to the function ipe,K{,x), we obtain that 

5 



e,K 



El 



where 



i=l 



fe%i^) = -Xeix) (A + A,,;,) ReM^) 



/S W = X(l - r)Xeix) (A + A,,x) (0, 
/S(^) = C^'Ax(l - r) + 2 (V.x(l - r), V.^™^(0 

7V-1 

/S(^) = E ^ ^'^') + ^^.^) ('^"^) ' 

m=0 
N-l 



m=0 



mat 
e,K 



Direct calculations yield 
representation 



/-(I) 

Je,K 



A + 

O {e^{A + 11)). Due to the equations the 



K 



K-l 



holds, where F^'' are explicitly calculated functions, and it easy to show that 



4^'^ G vnL2(n), 



K 



0{{A+^)) as yU — > 0, from what it follows that 



f(2) 
Je,K 



O {e^^^/'^{A + fi)). By exponential decaying as ^2 +00 of the functions Vi one 

= O (e~^/'^''(y4 + yu)), where g is a some fixed number. 



can deduce that 



f(3) 
Je,K 



Bearing in mind the problems for the functions Wij, we see that 

K 



m 
e,K 



^2 



1 2 



j=0 \fe=0 i=l ""2 



'9^2 



9 
9^2 



Using the exphcit formulae for the functions Wij and the asymptotics ()2.25|) . we 



obtain the equality 



f{4) 
Je,K 



O (^^/^//^/^(A + /i)). In view of the matching carried 



out for Tj < {^i — Tcm)'^ + ^| < 4// 



mat I 



0{e{A + fi)p^ Inp) 



(2.34) 



(5) 

£,K 



from what it follows that 
()2.34|1 without introducing the 
rapid decaying of the norm 



O (r^^/^) . Observe that it is impossible to get 
:"unctions Wi^i, i.e., it is impossible to attain the 
as £ ^ 0. This is the only reason for that the 

functions Wi^i were employed. Collecting now the estimates for the functions f^^j^, 
we arrive at the desired estimate for ||/e,x||- The proof is complete. 



f(5) 

J£,K 



3. Formal construction of the asymptotics for the case n > 

In present section we shall formally construct the asymptotics for the eigenvalue 
Xs, converging to a root Aq of the equation ()1.4j) with n > 0, and we shall formally 
construct the asymptotics for the associated eigenfunctions ip'^. 

On the whole, the scheme of construction is similar to the case n = 0. The 
only (and not principal) distinction is the using of the multiscaled method. 

The asymptotics for the eigenvalue is constructed in the form of the series (ll.Sj) . 
and we construct the asymptotics of the eigenfunctions ipf" as the series 



ijfix) = (^r'±(x) + x(l - r)^r''^(e, e)) Xs{x) + 

N-l 



m=0 

oo oo 

i=l 1=1 

oo 

^f'±(^, 9) =ct>^{n9) J2 K,o(^, f^) + evw.,i{<i, fi)) ± 
1=1 

oo 

±<P^{n9)evY,e'wt',{<^,fi). 



(3.1) 



(3.2) 



(3.3) 



By analogy with the previous section, the functions ip^^"^'^ are the boundary 
layers, we introduce them in order to attain the Neumann boundary condition 



on Fe. Employing the method of matched asymptotics expansions, we construct 
the asymptotics for the eigenf unctions ipf in the form of the series ()3.3|) in the 
vicinity of the points x^, what allows us to get homogeneous Dirichlet boundary 
condition on Here the distinction from the case n = is the appearance of 
the additional functions wf'^ and lyff, and the using of multiscaled method. To 
the latter it corresponds the presence of the functions (p^ijiO) in ()3.2|1 . ()3.3j) . the 
variable 9 plays the role of "slow time". 

The objective of this section is to determine the functions Aj, fj, f^"'^, Wij, w^j, 
for which we shall obtain the explicit formulae. 

We proceed to the construction. We postulate the sum of the functions ip^^'"^ 
and ip^^'^'^ to satisfy homogeneous Neumann boundary condition everywhere on 
dD except the points Xk, i.e., 

KJ'^ (v^) <p^{ne) - 1 A^-^,±(^, ^) = 0, e e r°. 

Replacing now As and by the series (II. 5j) and ()3.2j) . and calculating the co- 

efficients of the powers of e separately for (f)~^{n6) and (f)~{n6), we get the boundary 
conditions for the functions vf: 

^ = «- 1^ = 0' ^^ro, a, = a,(Ao,...,A,_i), (3.4) 



Jn (v^) (Ao - 



(3.5) 



where /j = fi{AQ, . . . , Aj_4) are polynomials onAi, . . . , Aj_4 with holomorphic on 
Ao coefficients, /j(Ao, 0, . . . , 0) = 0. Similarly to the way by which the equations 
()2.5j) were obtained, we substitute and ()3.2j) in (jl.lj) and calculate the coef- 
ficients of powers of e separately for (f)^{n9) and (f)~{n6). As a result, we deduce 
the equations for vf: 



A^Vi =Fi = Ci{vi, Vi_i) - n^Vi_2 + 2n— ^2 > 0, 
A^vf =Ft' ^ W, . . . , <_^) - n\^, - 2n-i, 6 > 0, 



(3.6) 



where Ai = A2 = 0, v^-^ = Vq = 0. We seek the exponentially decaying as 
^2 +00 solutions of the recurrence system of boundary value problems fl3.4|) . 

By analogy with Lemma (2.21 one can prove the following statement. 
Lemma 3.1. Let the function F{C,) G has infinitely differentiahle asymptotics 



and there exists a natural number k, such that A^F = for ^2 > 0. Then the func- 
tion V defined in accordance with \2. 6|) is a solution of the boundary value problem 
\2. 7[ ), belonging to -f^^(n) fl , and having infinitely differentiable asymptotics 

where a is a some number. 

Employing Lemmas I2.2l and l3.11 by analogy with Lemma it is easy to prove 
the following lemma. 

Lemma 3.2. For each sequence {Aj(/i)}^Q, ^i{f^) = ^2{f^) = 0, there exist so- 
lutions of the boundary value problems 6|) defined by formula \2. 6|) with 
F = Fi, k = ki and F = F"-'^ , k = k'^'^, where ki, /cf^ are some natural numbers. 
For the functions Vi and vf^ the representations 112. 1,^) with ai from hS. ,5|) and 

Vfii, /i) = E < • • • ' ^-2) <(0, 

hold, where e H\U) n V+, vff G H\U) n V" polynomials on 

Ai, . . . , Aj_2 with holomorphic on Aq anc? ai coefficients, (0, Aq, 0, . . . , 0) = 
(0, Ao, 0, . . . , 0) = 0. The equalities Mi=0, M2 = Mf = Mf = 1, M3 = 2, 
M4 = 3, 



021 = 031 = 041 = cin = (^21 = "32 = -«! (Ao + 2n^) 

_ai(6Ao + l) _ai(8Ao + l) _1.2'9X 

"42- , a43- , ^21-2^2^, 



_ 1 ^s^x I .dx ^2 



^32-2^i[xj, ^4i-^e2^ + Y^e2^ + ^^e2^, 



(3.7) 



n ^dX 



V,2 = ^2^, ^43 = + ^2 J X{^u t) dt, Vg = '-^^2"^^ 

6 

take place. The asymptotics \2.11\l with ai from \3. ^) and 

vf{i, p) = -nai^i In p + 5,^ + O [p" In p) , (3.8) 

are correct as p ^ 0. Here = 0, 5^ = 5j (ai, Aq, . . . , Aj_2) are polynomials on 
Ai, . . . , Aj_2 with holomorphic on Aq and ai coefficients, moreover, cXi (0, Aq, 0, . . . , 0) 
0. 



Similarly to the previous section, for construction of the asymptotics for the 
eigenf unctions ipf in a neighbourhood of the points Xm we apply the method 
of matched asymptotics expansions. The asymptotics of the functions %pf in a 
neighbourhood of the points are constructed in the form of the series ()3.3p . 
doing this, we match the functions Wi^j with w,, whereas the functions w'^'l are 
matched with f""^. 

We substitute the series fjl.5|) and ()3.3|) in the problem p.2|) . pass to the 

variables <^ and collect coefficients of powers of e separately for (j)^{n9) and (j)^{n9). 
As a result, we get the boundary value problems ()2.18|) and ()2.19|) for the functions 
Wij, and the following ones for the functions wff : 

d 

A,<^ = 2n—Wifl, ^2 > 0, 

(3.9) 

where w7o,o = 0. Let us deduce the asymptotics for and wff as |<^| — ^ oo. We 
denote by X^^k partial sum of ()1.5|] . 



K+l K 
i=l i=l 

It is easily seen that 

K 

Jn ( V^) = E ^'^^(^0' • • • ' + ^""""'Gf ) (Ao, . 

- e^2^A^Jn (v^) + O {e'e2) , 

Co = Jn ^VAoj ) Gi = G2 = 0, 

^ JniV^ , , n ^'''^^ 

= o /A- + ^ - ^' 93 = 9i = 0, 
/V Ao 

where the functions (^j = Qi (Aq, . . . , Aj_3) are polynomials on Ai, . . . , Aj_3 with 
holomorphic on Aq coefficients, gi (Ao, 0, . . . , 0) =0, Ci^^ is a bounded holomorphic 
on Ai, . . . , Ax function, Ci^^^ (Ao, 0, . . . , 0) = 0. From the relations obtained, the 
asymptotics ()2.17|) and ()3.8p . and the equality Inr^ = — ^^j^ it follows that 

K K 



\i=0 i=l / 

±0^(ne)5ry I ^e^W^^f(,,/i) +e^+iW^]^'^(,,/.) ] + O (^r/^kp In |,|) , 



.i=0 



as r^i/^ < p < 27^1/2^ where Wi^, Wr\x) from TTM . TTM with from (P?3|l . 



= -n«,?iln|^| + (^5, + ^1, (3.11) 

= (-OK+i (In K-| + ln2 - + Gf + 5«-+i(0, fi)) + £bA-(£)ft, 

K 

5o = 0. Following the method of matched asymptotics expansions, we must con- 
struct the solutions of the problems ()2.18|) . ()2.19|) and ()3.9|) with asymptotics ()2.25p 
and 

<i(^,/i) = + o(k|), kl ^ oo. (3.12) 

We define the functions Wij in accordance with ()2.27|) and ()2.31|) . where aj from 
()3.5|) . Then in view of the definition of the function Wi^ and the asymptotics p.23|l . 
()2.25|) we deduce the equality ()2.28|1 . where from ()3.5j) . Vi{0, fi) from Lemma |S2l 
Gj from ()3.1()|1 . For i = 0, this equality becomes the equation (jl.fij) for Aq. Since 
for n > the eigenvalue Aq is nonzero, the holomorphy of Aq easily follows from the 
implicit function theorem. The equalities ()2.28|) hold for i = 1,2, since by ()3.5p . 
()3.7p . and ()3.10p we have a2 = = Gi = G2 = 0, Vi{0,fi) = V2{0,fi) = 0. For 
^ > 3, by analogy with the way by which ()2.29j) was obtained from ()l.f)|l . ()2.28j) . 
()3.5j) and ()3.1()|1 . one can get the formulae for A,: 



2Ao(/i) [fi+i{fi) + {A + fi) (5^,(/i) + v,{0, /i)) 
"^'^^^^ J„(v/A^) (Ao(/x)-n2 + (A + /x)2) ' 
/i+i(At) = /i+i (Ao(/^), • • • , Ai_3(/i)) , gi{fi) = Qi (Ao(Ai), . . . , Ai_3(/i)) . 

Making i = 3,4 in the formulae obtained and using the equalities ()2.15|) . ()2.3Up 
and ()3.7|1 . we have p.7|l also forn > 0. Reproducing the arguments of the previous 
section, one can prove that Aj(/i) are holomorphic on > functions satisfying the 
representations Aj(/i) = /i^Aj(/i) for A = 0, where Aj(/i) are holomorphic functions. 
Let us construct the functions wfj. It is easy to see, that the functions 

Fi(^) = Re ^y^ - 1, ^^(0 = \ (ftr(^) - ln2Fi(^)) 

are solutions of the boundary value problems 

dY 

dY 



and have asymptotics 

Yii^) = ^i + 0(1^1-1), 1^2 W = ^^1 In kl + 0(k|-i), kl 



oo. 



By the properties of the functions Yj, the definition of the function Wi,Q, the prob- 
lem flH.fjj) and the asymptotics (jH.llj) . ()3.12|1 we obtain that 



wti = -2naiY2 + (ai + -p^] Y^. 



A + 



We set 

N-l 



€,k{^) =KK{^)xe{x) + ^ X v"') €:'k in 

m=0 

K 
i=l 

K 



i=0 



N-l 



A + n 



m=0 



Re,M =X(1 - r) (bfc(£)(l - r) - + 

/i + /i 

By analogy with Theorem 12. one can prove the following statement. 

Theorem 3.1. The functions V'^X'fe ^ H^{D) n C°^{D) converge to tp^ in 

L2{D) as £ — s> 0, \e,K converges to Aq, ||-R^^|| = 0{e^{A + fi)).The functions 

ijjfj^ and Xe.k are the solutions of the problem \2. with = ipf^! ^ — ^e,K, 
f = f^,^,where\\f^^j,\\=0{e^{A + ^i)). 



4. Justification of the asymptotics 

In this section we shall prove that asymptotic expansions formally constructed 
in two previous sections are really provide asymptotics for the eigenelements of the 
problem ()1.2|) . In order to do it we shall employ the following statements. 

Lemma 4.1. Let Q he any compact set in complex plane containing no eigenvalues 
of the limiting problem. Then for all X & Q, f & L2{D) and sufficiently small e 
the problem \2. 3!^) is uniquely solvable and for its solution the uniform on e, fj., A 
and f estimate 

h.||i<C||/||, (4.1) 



holds, where || • ||i is the H^{D)-norm. The function Ue converges to the solution 
of the problem 

-Auq = Xuo + f, xe D, + A^uo = 0, X e dD. (4.2) 

uniformly on A. 

Proof. The solvability of the problem ()2.33|) is obvious. Clear, in order to prove 
the uniqueness of its solution it is sufficient to prove the estimate (jHH). We prove 
the latter by arguing by contradiction. Suppose that there exist sequences Sk — 

fc— >oo 

0, fk and Afc such that for e = Sk, f = fk, ^ = ^ Q the inequahty 

lk.Jli>^IIMI- (4.3) 

takes place. There is no loss of generality in assuming that Wu^W = 1. We multiply 
both sides of the equation in ()2.33|) by -u^ and integrate by part. Then we have a 
priori uniform estimate 

||ne||l<C(||/|| + ||«,||). 

By this estimate, the equality \\us\\ = 1, and ()4.3j) we deduce 

\\uej,<c, WfkWr^o. (4.4) 

fe^oo 

From the assertions obtained and the theorem about the compact embedding of 
H^{D) in L2{D) it follows that there exists a subsequence of indexes k (we indicate 
it by /c'), such that A^/ — > A* G Q and 



-k' 



"U* 7^ weakly in H^{D) and strongly in L2{D). 



In [2 Jit was shown that for each function V E C°^{D) there exists a sequence of 
functions G H^{D), vanishing on 7^, such that 

V^^V weakly in H^{D) and strongly in L2{D), 

{We,Vv,) dx^ [ {W,Vv) dx + A[ Vvde, (^•^) 



D D dD 



where is an arbitrary sequence of functions from H^{D), f ^ = on 7^, Ve 
converges to f G H^{D) strongly in L2{D) and weakly in H^{D). In view of ()2.33j] 
we have the equality 

/ (VV,,. Vu,,) d. = A. / d. + / d., 

D D D 

passing in which to limit as A;' 00 and bearing in mind ()4.4j) , ()4.5j) , we conclude 
that is a solution of the problem 

f d \ 

-Am* = Am*, X e D, { — + a \ = 0, x e dD, 

or 



i.e., A* G Q is an eigenvalue of the limiting problem, whereas by assumption the 
set Q does not contain the eigenvalues of the limiting problem, a contradiction. 
The estimate ()4.1|) is proved. 

By similar arguments, employing ()4.1|) instead of ()4.4|) . it easy to prove the 
convergence of the solution of the problem ()2.HHj) with A = \{k) — > A* to the 

A;— »oo 



solution of the problem ()4.2|1 with A = A*. From this fact and continuity on A of 
Uo it follows the uniform on A convergence of Ue to uq. The proof is complete. 

Lemma 4.2. Let Aq he a p-multiply eigenvalue of the limiting problem, xi''\ 
j = l,...,p be the eigenvalues of the perturbed problem, converging to Xq, with 
multiplicity taken into account, ipe he the associated eigenfunctions orthonormal- 
ized in L2{D). Then for A close to Aq for solution of the problem \2. the 
representation 

P I (j) r 
j=i K - A J 

holds, where Ug is a holomorphic (in L2{D)-norm) on A function, orthogonal in 
L2{D) to all ipe^\ For uniform on e, ^, A and f estimate 

\\Ue\\,<C\\f\\. (4.7) 

takes place. 

Proof. It is known that the solution Ue of the problem ()2.HH|1 is a meromorphic on A 
function having only simple poles coinciding with the eigenvalues of the perturbed 
problem. Residua at these poles (eigenvalues) are the associated eigenfunctions of 
the perturbed problem. Since Ai"''' converge to Aq, then A, close to Aq, are close to 
For this reason, for the function the representation 

p lij) 
i=i - ^ 

is valid, where h'^^ are some scalar coefficients, is a holomorphic on A function. 
From the equation for it follows that 

(A[^) -\) j ^^pu.dx = J iji^^fdx. 

D D 

Substituting the formula ()4.8p into this equality we obtain that 
bi^^ + (A(^') -\) j ^i^^Uedx = J tpi^^fdx, 

D D 

from what by holomorphy of we deduce: 

fcW = j ^^J)f dx, j Ip^J^Ue dx = 0, J = l,...,p. 
D D 



These relations and ()4.8j) imply ()4.(j|l . 

Let us show the estimate ()4.7|) . We indicate by S{z, a) an open circle of radius 
a in complex plane with center at the point z. We choose the number S by the 
condition that the circle S'(Ao, S) contains no eigenvalues of the limiting problem 
except Aq. Then for all sufficiently small e each A^"''' lies in the circle S{Xq,S/2). 
Therefore, by the representation ()4.8|1 and Lemma H^D for A G dS{Xo, S) the uniform 
estimate 

<c||/II + |EI|^P1JI/II<c||/||. 

is true. Since is holomorphic on A, then due to module maximum principle the 
last inequality holds also for A G ^(Ao,^). The proof is complete. 

Lemma 4.3. The eigenvalues of the perturbed problem have the asymptotics l\1.5]} - 

in- 

Proof. Let Aq be an eigenvalue of the problem ()1.3p and be a root of the equation 
()1.4p for n = Hi, i = 1, . . . ,m, where nj are different. We suppose that rii = 0, 
Hi > 0, i = 2, . . . ,m. The cases > 0, i = 1, . . . , m, and m = 1, ni = 0, are 
proved in the similar way. The eigenfunctions associated with Aq have the form 

^W(x) = Jo (^A/A^rj , 

V'o^*"^^ (x) = Jn, (^\/Xor^ (p^ {niO) , i = 2, . . . , m, 

V'o^*"^^ (x) = Jn, {\/\)r^ <P~ {uiO) , i = 2, . . . , m. 

Similarly, we denote by V^^^]^, V^^^]^, /^^J the functions i)e,K, ^J/^, i^e,K, V^Jk' fe,K, 
f^Ki constructed in second and third sections and associated with the indexes n^. 

Let X^P^ = Xe^K, where A^^x was defined in the second section, xfl^ '^^ = Xf]^ = 
Xe^K, where Xs^k was defined in the third section and associated with the index Ui, 
i = 2, . . . ,m. Clear, the multiplicity of Aq equals (2m — 1). Due to Theorems 12.11 
and IH.ll and Lemma [4.21 for the functions 'ip'fx the representations 

2m-l 

^5.= E biVf (4-9) 

k=l 

Ae - A^^ J 

= 0{e'<iA + f^)) 

hold. Suppose that some of the eigenvalues A^"*^ do not satisfy the asymptotics 
()1.5j) - p.7|l . namely, uniform on e and estimate 

>CeP{A + fx), J = l,...,2m- 1, kel, (4.10) 




\u 



U) I 



< c 



Je,K 



hold, where p is a some number independent on K, I is a subset of the indexes, 
/ C {1, 2, . . . , 2m - 1}. By (KT^i and the statement of Theorems EH O for the 
functions f^''}^, we deduce that foTK>p + l the convergences b^^ — > 0, /c G /, 
j = 1, . . . , 2m — 1 hold. From the definition of the functions b^'', the orthogonality 
of ?/'£"'■' and the convergence 'ip'f]^ — > ipQ^ it follows that b^^ are bounded, so, there 
exists a subsequence e' ^ 0, for that b^, bg , moreover, bg = 0, if A; G /, 
j = 1, . . . , 2m — 1. In view of ()4.9|) and Lemma f4. 21 we have the equalities 



2m-l 



D ''-^ D 



passing to limit as e' — in which and bearing in mind the convergences ip^^j^ 
^jJQ \ and the estimate for the functions u^^}t^, we get 



2m-l 



c,i6,i = E KX, 9. ^ 0, (4.11) 

k=l 

where 6ji is the Kronecker delta. Let bg''^ be a vector with components b;^'^, k = 
1, . . . , 2m — I, j ^ I, j = 1, ■ • • , 2m — 1. In view of ()4.1H) we have (2m — 1) 
nonzero orthogonal g-dimensional vectors bg'', where q < 2m— 1. The contradiction 
obtained proves the lemma. 

Lemma 4.4. Let Xi^^ and A^^"* be eigenvalues of the problem / li.lj)) . having 

asymptotics l\1.5]} - l{1.7\ ), associated with indexes n and m, n ^ m. Then uniform 
on e and fi estimate 

- Af I > C£^(A + /i). (4.12) 

holds. 

Proof. If X'i\ i = 1,2, converge to different limiting eigenvalues, then the estimate 
()4.12|) is obvious. So, we assume that A^*'' converge to a same eigenvalue Ag. First 
we consider the case A = 0. Then 

2A 2A 

A« = Ao + /i^^ + 0(/i(/i + e')), = Ao + fi- + 0(^(/x + e')), 

Aq — n Ag — m 

(Ag-n^)(Ag -m^) 

from what it follows ()4.12j) for A = 0. We proceed to the case A > 0. If e = o(n^^^), 
then by, ()1.6|) . we deduce 

' ' ^{Xo-n^ + A^){Xo-m^ + A^)^ 



from what it follows ()4.12|1 ior A > 0, e = o(/i^/^). If /i = o{e^), then 



^_ 3 -4^AoC(3)(2A^ + 3Ao)(n^-m^) 

(Ao-n2 + A2)(Ao-m2 + A2) ^ ^ 

i.e., the estimate ()4.12|1 is true in this case, too. If = 0{e^), then it easy to see 
that 

wi) _ W2) _ Ao(n^ - m') (8/i - eM^C(3)(2A^ + 3Ao)) 
4(Ao-n2 + A2)(Ao-m2 + A2) 

7r%(8Ao + l)(n2-m2) 
5760(Ao-n2 + A2)(Ao + 2m2-A2) ^ ^ ^' 

The first term in the formula obtained being nonzero, the inequality ()4.12|) takes 
place. The first term being zero, the second term does not vanish and we arrive 
at ()4.12p again. The proof is complete. 

Proof of Theorem II. IL Hereafter we employ the notations introduced in the 
proof of Lemma 14.31 and we only deal with the case considered there (proof of 
other cases is similar). Let us prove that an eigenvalue Xi''^ is simple if associated 
number equals zero and it is double if this number is positive. We consider the 
eigenvalues A^^^"^^ and A^^^"^'' associated with the same number Hp > 0. Due to 
Lemma 14.31 these eigenvalues have the same asymptotic expansions. Let us show 
that they are equal, too. Suppose that they are different. In view of Lemma 14.41 
other eigenvalues of the perturbed problem converging to Aq have asymptotics dis- 
tinct from the asymptotics for Ai^^"^'' and Ae^^"^''. For this reason, the assumption 
that A^^^"^^ 7^ A^^^"^"* means that they are simple. To prove that they are coincide 
is to prove that the eigenvalue Ae^^ is double. We write the representations ()4.9j] 
for the functions ipf^ and ipf^ 

2p-l 

^i%= E bM^'^+wf, t = 2p-2,2p-l, 

j=2p-2 

2m-l (4.13) 

fe=i 

k^2p-2 

By Lemma [4. 41 and the definition of the quantities hf^ we get that bf' = 0{e^~^), 
i = 2p - 2,2p - 1, k = 1, . . . ,2m - 1, k 2p - 2,2p - 1. Since || = 0{e^{A + 
/i)), then ^ as e — > if > 5. In view of Theorem 13.11 we have 

the convergences ^ "^"p (v^^) (p^i^pO), V'eJ"^^ ^ Jnp {\%r) (j)~{npe) as 

e ^ 0. So, there are two linear combinations of the eigenfunctions ipi^^ "^^ and 



V'e ^ converging to J„,p (y/X^r) (jr^{npff 

^(l)^(2p-2) ^ 



^^(4)^(2p-2) 



(4.14) 



^(1) ^ b2p-2,2p-2^ ^(2) ^ b2p-2.2p-l^ = \^2p-l,2p-2 ^ ^(4) ^ b2p-l,2p-l_ mtroduce 

i = 2p - 2, 2p - 1, [•] is the 



the functions ipf^ (r, 9) = ipe' (r, 9) ( r, 6* + 



jv_ 

4n„ 



integral part of a number. One can see that are eigenfunctions of the perturbed 
problem associated with Ai*"*. By assumption, the eigenvalues \^e \ i = 2p — 2, 2p—l 
are simple and the associated eigenfunctions are orthonormalized in L2{D). Thus, 

1. From these equalities 



and ()4.14|) we obtain that 



(5) ,,{2p-2) T(2p-1) _ (Q)j(2p-l) , (5) 



^(5)^(l)^(2p-2) ^ ^(6)^(2)^(2p-2) 
c(5)c(3)^(2f-2)+cfc(^Vf^"'^ 



' Jn 



Aor (?2p6'). 



(4.15) 



Calculating scalar product (in L2{D)) for the first relation in ()4.14|1 and the second 
one in ()4.15p and for the second relation in ()4.14|) and the first one in ()4.15|) . we 
arrive at the convergences 



f-(i)r(3)r(5) 
^£ 



J2) (4) (6) 



-(l)f-(3)f-(5) 
-e 



-(2)c(4)c(6) 



c = \\Jnp {y%r) 



[nr. 



can not hold at the same time, hence, Xf'^ "^^ 



Jup (V^o^) ("-p^)|| • The convergences obtained 



the associated eigenvalue A 



(2p-2) 



A 



(2p-l) 



A^^^ ^\ So, if rip > 0, then 



is double. The perturbed eigenvalue 



associated with the index Hp = has the asymptotics distinct from the asymptotics 
associated with other indexes, what means that this eigenvalue is simple. 

We proceed to the justification of the asymptotics of the perturbed eigenfunc- 



tions. Let Up > 0. We set 



2p-l 
j=2p-2 



2p- 2,2p- 1. 



It is obvious that are eigenfunctions of the perturbed problem associated 
with the double eigenvalue X^^ Due to ()4.1H|1 . the above estimates for ui^ 
and the convergence of ipf^x \ obtain that '^'t^ converges to The 

assertions ()4.13p . estimates for VLk^ and the statements of Theorems 12.11 and 13.11 
for the functions Re,K imply the inequalities 



+ 



< 



^1 - 



o 



which mean that the asymptotics for the eigenfunctions associated with the double 
eigenvalue A^^^"^^ = A^^^" have the form ()3.ip . For the simple eigenvalue A^^'' we 
consider the associated eigenfunction 

converging to Jq (a/Aq?"), and by analogy with the case of double eigenvalue one 
can easily prove the estimate 



which means that the asymptotics for the eigenfunction associated with X^e^\ has 
the form ()2.32|) . The proof of Theorem II. II is complete. 

Appendix 

Here we shall prove that for some positive A there exists Aq being a root of the 
equation of the equation ()1.4j) for different n simultaneously. We introduce the 
notations fn,A{t) = tJ'nif) + AJnit), n G Z+, A > 0, t G (0,+cxd). The zeroes of 
the function ^n,A{t) for nonnegative A are roots of the equation ()1.4j) . Let us prove 
that there exist A > 0, n, m, n 7^ m, for those the functions ^n,A and ^rn,A have 
a common positive root. We set Vn,m(t) = t (Jnit) Jmit) — J'„Xt)Jn(i))- Let some 
point t = to be a root of the function F„^m and it is not a zero of the functions 
Jn and Jm- Then it follows from the equality Iq {J^{tQ) Jm(to) — Jmito) Jnito)) = 
that 

Jnito) Jm{to) 

Let B = t^J'^ito) / Jnito). If i? < 0, then the point to is a common root of the 
functions in,A and fm,A as A = —B. Thus, if we find a root of the function F„ m 
for some n and m and check the inequality t^J'^ito) / Jnito) < 0, we shall get the 
statement being proved. We make n = Q, m = 3. Then F6,3(8) ~ —0.1673037488 < 
0, F6,3(9) ~ 0.0658220035 > 0. Since Fg^a is a smooth function, then there exists 
a zero of the function F6,3 in the interval (8,9), we denote it by to- Let jp^q, 
jp,q be positive roots of Jp and Jp taken in ascending order: jp^i < jp^2 < ■ ■ ■, 
Jp,i < jp,2 < ■ ■ ■■ We have: j3,i ^ 6.380161896 < 8, j3,2 ~ 9.761023130 > 9, 
j6,'i ~ 9.936109524 > 9, ^ ^ 7.501266145 < 8. These equalities imply that 
there are no zeroes of the functions J3 and Jq in the interval (8,9). The function 
Jeit) is positive for t G (0,^6,1), and jg < 8 < 9 < jg,!- ^bis reason, the 
inequalities Jg(t) > 0, Jg(t) < are true as t G (8,9), from what we deduce 
that tJg(t)/Jg(t) < as t G (8,9). Thus, there exists a zero to of the function 
Fg 3 in the interval (8,9), that is not a zero of the functions J3 and Jg, moreover, 
ioJ^iio) / J%iio) < 0. Therefore, to is a of the equation ()1.4j) for n = 6 and n = 3 
with A = -to J^(to)/Jg(to) > 0. 
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